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We investigate theoretically the use of non-ideal ferromagnetic contacts as a mean to detect
quantum entanglement of electron spins in transport experiments. We use a designated entanglement
witness and find a minimal spin polarization of η > 1/
√
3 ≈ 58% required to demonstrate spin
entanglement. This is significantly less stringent than the ubiquitous tests of Bell’s inequality with
η > 1/ 4
√
2 ≈ 84%. In addition, we discuss the impact of decoherence and noise on entanglement
detection and apply the presented framework to a simple quantum cryptography protocol. Our
results are directly applicable to a large variety of experiments.
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I. INTRODUCTION
Quantum entanglement is a fundamental aspect of
Nature and an essential resource in quantum informa-
tion protocols. Entanglement between freely propa-
gating photons has been extensively investigated over
decades. One of many important steps is the electri-
cally driven generation of entangled photons on demand
demonstrated recently.1 In such experiments entangle-
ment is detected in correlation experiments with stan-
dard large-efficiency polarization beam splitters as an
important element. In solid state devices the electron
spin degree of freedom can in principle be used to en-
code qubits.2 A straightforward way to detect electron
spins is to measure the electrical current through fer-
romagnetic materials. Since most materials show only a
partial spin polarization, we face the question of what the
consequences of non-ideal detectors are for entanglement
detection and different quantum information schemes. In
addition, in a solid state environment the generation of
two-particle entanglement and its detection are rather
difficult due to the strong coupling to the environment.
The controlled generation of electron spin entangle-
ment came into reach with theoretical proposals3,4 and
experimental realizations where a superconductor is used
as a source of correlated electrons in a process known as
Cooper pair splitting.5–10 Similarly, also a quantum dot
in a singlet state might act as a source of spin-entangled
electrons.11,12 Proposals to detect entanglement between
electron spin states in a solid state environment are usu-
ally based on a test of Bell’s inequality. Such inequalities
not only test quantum entanglement, but more generally
the quantum description of Nature, and thus are more
restrictive than required to make a statement about en-
tanglement alone. In other words: Bell’s inequalities are
not optimal entanglement witnesses.
Here we report the use of various entanglement wit-
nesses based on ferromagnetic contacts and compare it
to a test of Bell’s inequality in the presence of noise and
decoherence.13 The analysis can be extended easily to
other quantum information tasks in a variety of systems
and we briefly discuss the example of a simple quantum
cryptography application.
In a ferromagnetic material the density of states for the
two spin species ↑ (up) and ↓ (down) are different. For
the electron transport in the linear regime the properties
at the Fermi energy are relevant and one defines the spin
polarization
η =
ν↑(EF )− ν↓(EF )
ν↑(EF ) + ν↓(EF )
. (1)
Spin information is translated into a charge signal by the
fact that the probability of an ↑ electron to enter the mag-
netic material is different than for ↓ electron. However,
most magnetic materials show non-ideal spin polarization
with η < 1, which leads to ambiguous information about
the spin states, i.e. the spin is wrongly detected with the
probability 1 − η. The effect of this measurement error
directly leads to the question of what the lower limits
of spin detection efficiency are for a given task, e.g. to
detect quantum entanglement or to perform a quantum
cryptography protocol.
The paper is organized as follows: In Sec. II we review
Werner states, a mixture of maximally entangled state
and white noise. Section III describes the non-ideal fer-
romagnetic detection process, while in Sec. IV we show
the equivalence of ferromagnetic non-ideal detection with
ideal transmission channels and ideal detection with a
noisy depolarizing channel. In Sec. V we construct an en-
tanglement witnesses and calculate the required detector
efficiencies. In Sec. VI we compare these results to a test
of Bell’s inequalities and in Sec. VII we apply the formal-
ism to a simple quantum cryptography task. In Sec. VIII
and Sec. IX we discuss the impact of white noise as well
as spin relaxation and dephasing, respectively. We sum-
marize our results in Sec. X and propose a road map for
the detection of electron spin entanglement.
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2II. PARTIALLY ENTANGLED WERNER
STATES
Figure 1 shows a generic entanglemet detection
scheme, where a source emits pair-wise entangled elec-
trons into two (e.g. spatially) separated transport chan-
nels, each connected to a ferromagnetic detector. For
example, the two particles can be in a singlet (Bell) state
|Ψ−〉AB = 1√
2
(| ↑〉A ⊗ | ↓〉B − | ↓〉A ⊗ | ↑〉B), (2)
where A and B denote the two subsystems.
In real experiments the emitted quantum state is af-
fected by external sources of noise and decoherence dis-
cussed later, with the effect that the original entangled
state evolves into a mixed state. The form of this new
state depends on the nature of the interaction with the
environment, but it is most commonly modeled as ’white
noise’ in the form of a Werner state,14 i.e. a mixture of
a maximally entangled state and white noise:
ρWAB(λ) = λ|Ψ−〉〈Ψ−|AB + (1− λ)
I
4
, (3)
where 0 ≤ λ ≤ 1 is the visibility parameter and I the
identity operator.
Werner states have been studied intensely in the field of
quantum information theory and to investigate the rela-
tion between quantum entanglement and nonlocality.14
(a)
(b)
FIG. 1: Schematic of a source of entangled electrons
(left) connected to two conducting channels for two
subsystems (electrons) A and B, each with a
ferromagnetic detector. The subfigures depict two
equivalent ways of considering a non-ideal
measurement: (a) a quantum state ρ is measured using
non-ideal (η < 1) ferromagnetic detectors, or (b) each
particle passes through a noisy depolarizing channel (E)
which transforms ρ, which is then measured with ideal
detectors (η = 1).
FIG. 2: Regimes of entanglement, LHV models and
nonlocality for Werner states with visibility parameter
λ.
Different quantum information tasks require different
minimal visibilities, which is depicted schematically in
Fig 2. Conclusive methods to decide whether a given
two-qubit state is entangled was provided in Refs. [15,16].
Applied to a Werner state, one finds that it is entangled
for λ > 1/3. It was shown that there exist entangled
Werner states for which a local hidden variable (LHV)
model cannot be excluded,14 and that an LHV model
exists for all measurements for λ ≤ 5/12,17 and for all
projective measurements for λ ≤ 0.6595.18
Werner states with λ > 1/
√
2 ≈ 0.7071 violate the
Clauser, Horne, Shimony and Holt (CHSH) inequality19
- the simplest Bell inequality. It is not known, though,
whether the states with 0.6595 ≤ λ ≤ 1/√2 violate any
Bell inequalities. Recently, the existence of a Bell in-
equality (which requires at least 465 settings for each
party, in contrast to 2 in the case of CHSH inequality)
was demonstrated, which is violated for λ ≥ 0.7056.20
This discussion of Werner states demonstrates that en-
tanglement detection is not equivalent to a violation of
Bell’s inequality. The former relies on the quantum de-
scription of nature, while the latter for example excludes
LHV models and probes the very core of quantum me-
chanics.
III. QUANTUM DESCRIPTION OF
FERROMAGNETIC DETECTORS
We assume that the transport channels and the ferro-
magnetic detectors carry quasi-particles described as sin-
gle electron spins. First we aim to detect the projection of
an arbitrary spin state on | ↑〉~n and | ↓〉~n, determined by
the quantization axis ~n defined by the magnetization of
the detectors. In ideal ferromagnets the electric current is
fully spin-polarized, which transforms the spin informa-
tion into the charge information (electric current) by the
spin-dependent resistance of the device. The latter can
be measured with high precision. Using such detectors
we can perform von Neumann measurements described
by projection operators
P↑ = | ↑〉〈↑ |~n and
P↓ = | ↓〉〈↓ |~n. (4)
The probability of obtaining a result i ∈ {↑, ↓}~n in a
measurement on the state ρ is given by pi = Tr(Piρ) in
this ideal case.
3However, with non-ideal ferromagnetic detectors with
a finite density of states for both spin components at the
Fermi surface, an electron in an eigenstate, e.g. | ↑〉~n,
can enter the contact with opposite majority spins and
be detected wrongly as | ↓〉~n with nonzero probability.
Such a measurement process is commonly described by a
positive operator valued measure (POVM).21 In general,
a POVM is a set of operators Mi that are positive and
fulfill the completeness relation
∑
Mi = I, with I the
identity operator. The elements of the POVM describing
inefficient detectors can be chosen as:
M↑ = Γ+| ↑〉〈↑ |~n + Γ−| ↓〉〈↓ |~n,
M↓ = Γ+| ↓〉〈↓ |~n + Γ−| ↑〉〈↑ |~n, (5)
with Γ+ + Γ− = 1. It is intuitive to relate Γ+ and Γ− to
the spin-dependent density of states νσ of a ferromagnetic
detector by Γ+ = ν↑/(ν↑+ν↓) and Γ− = ν↓/(ν↑+ν↓). For
later use it is more convenient to express the Γ± in terms
of the spin polarization of the ferromagnetic material η:
Γ± = (1± η)/2, which yields
M↑ =
1
2
(1 + η)| ↑〉〈↑ |~n + 1
2
(1− η)| ↓〉〈↓ |~n,
M↓ =
1
2
(1 + η)| ↓〉〈↓ |~n + 1
2
(1− η)| ↑〉〈↑ |~n,
(6)
where the spin polarization η ∈ [0, 1] is also a measure
for the efficiency of the detectors. Each spin state is
detected with the probability p˜i = Tr(Miρ). We note
that for η = 1 one recovers the projective measurements.
The measurement of an electron spin along a given
direction ~n with an ideal detector (η = 1) can be written
as the expectation value of the operator
σˆ~n = P↑ − P↓ , (7)
with σˆ~n = ~σ · ~n and ~σ the vector containing the Pauli
matrices. A measurement with non-ideal detectors (η <
1) is equivalent to measuring the observable σˆ
(η)
~n with
ideal detectors, where
σˆ
(η)
~n = M↑ −M↓. (8)
From (6) one directly finds σˆ
(η)
~n = ησˆ~n, which underlines
the importance of the spin polarization of the ferromag-
netic contact η as the efficiency of the detection process.
IV. EQUIVALENCE OF NON-IDEAL
MEASUREMENTS AND A DEPOLARIZING
CHANNEL
In the previous section we have constructed a spin mea-
surement operator for non-ideal ferromagnetic detectors
and an input state ρ. Now we demonstrate that the use of
this measurement operator is equivalent to a specific de-
polarizing operator E(ρ) acting on state ρ in the transport
channels, and the subsequent detection by ideal (η = 1)
ferromagnetic contacts. This view is depicted schemati-
cally in Fig. 1. First, we define the depolarizing channel
E by
E(ρ) = ηρ+ 1
2
(1− η)I, (9)
and show that for any observable O the following expres-
sion holds:
Tr (OE(ρ)) = Tr (E(O)ρ) . (10)
To proof this equality, we reparametrize E(ρ) with η′ =
1+3η
4 and the Pauli matrices σˆi,
E(ρ) = η′ρ+ 1− η
′
3
(σˆxρσˆx + σˆyρσˆy + σˆzρσˆz). (11)
Evaluating the trace yields
Tr (OE(ρ)) =
= Tr
(
Oη′ρ+ 1− η
′
3
(Oσˆxρσˆx +Oσˆyρσˆy +Oσˆzρσˆz)
)
= Tr
(
η′Oρ+ 1− η
′
3
(σˆxOσˆxρ+ σˆyOσˆyρ+ σˆzOσˆzρ)
)
= Tr (E(O)ρ) , (12)
where in the third line we used the linearity of the trace
and its invariance under cyclic permutations of the inner
matrices. In particular, one observes that:
E(Pi) = Mi, (13)
which, together with Eq. (10), shows the equivalence of
non-ideal detectors and a depolarization mechanism of
the form of Eq. (9) with ideal detectors:
Tr (PiE(ρ)) = Tr (Miρ) . (14)
V. ENTANGLEMENT WITNESSES
A. Optimal entanglement witness
A quantum state ρAB is entangled, if it is not separa-
ble, i.e. if it cannot be written as a convex combination
of product states in any basis:
ρsepAB =
∑
i
qi|ψi〉〈ψi|A ⊗ |φi〉〈φi|B , (15)
with qi ≥ 0 and
∑
i qi = 1.
The necessary and sufficient condition for separabil-
ity is limited to density matrices on H = C2 ⊗ C2 and
H = C2 ⊗ C3.16 The former is the case for the problems
discussed here. In particular, a state ρAB is separable if
and only if all eigenvalues of the partial transpose ρTBAB
4applied on one subsystem B are positive or zero. The
partial transpose is defined by
ρTBAB =
∑
i,j,k,l
cijkl|i〉〈j|A ⊗ |k〉〈l|B
TB
:=
∑
i,j,k,l
cijkl|i〉〈j|A ⊗ |l〉〈k|B (16)
≡
∑
i,j,k,l
cijlk|i〉〈j|A ⊗ |k〉〈l|B .
An elegant way of detecting entanglement (not only
restricted to low dimensional systems) are entanglement
witnesses (EWs).16,22 An EW is a hermitian operator
(observable) W with expectation values 〈W〉 < 0 for at
least one entangled state and 〈W〉 ≥ 0 for all separable
states.
For a given class of states it is possible to construct an
EW as23
W = |ϕ〉〈ϕ|TBAB , (17)
where |ϕ〉AB is the normalized eigenvector corresponding
to a negative eigenvalue of ρTBAB . Assuming that we aim
to detect maximally entangled singlet states, we insert
ρAB = |Ψ−〉〈Ψ−|AB , which yields the corresponding EW
operator
W = I − 2|Ψ−〉〈Ψ−|AB . (18)
We note that this construction can be applied to any
other entangled state expected to be generated in an ex-
periment. W can be decomposed into spin operators that
can be measured locally:
W = 1
2
(I + σˆx ⊗ σˆx + σˆy ⊗ σˆy + σˆz ⊗ σˆz). (19)
Now we can calculate the minimum detector efficiency
required to witness the entanglement of a maximally en-
tangled input state, here |Ψ−〉〈Ψ−|AB , using the EW op-
erator in Eq. (19). Since the two particles are measured
separately, each by non-ideal detectors with the same ef-
ficiency η, we can view the inefficient detection as each
particle of the input state passing an independent depo-
larizing channel, which results in a Werner state:
EA ⊗ EB(|Ψ−〉〈Ψ−|AB) = η2|Ψ−〉〈Ψ−|AB + (1− η2)I
4
≡ ρWAB(η2). (20)
This state is then measured by ideal detectors with an
expectation value
〈W〉 ≡ Tr(WρWAB(η2)) =
1
2
(1− 3η2), (21)
which is negative for spin polarizations
η >
1√
3
≈ 0.58. (22)
This value is a lower bound to the spin polarization of fer-
romagnetic detectors to detect the entanglement of max-
imally entangled electron pairs.
These calculations were made using the picture of a
noisy transport channel, which is convenient to obtain
the minimum efficiency. One obtains the same result
using the observable
W(η) =
1
2
(I + σˆ(η)x ⊗ σˆ(η)x + σˆ(η)y ⊗ σˆ(η)y + σˆ(η)z ⊗ σˆ(η)z ),(23)
on the singlet state of Eq. (2), in accordance to Eq. (10).
We note that the spin correlators in Eq. (23) can be ex-
pressed using the experimentally accessible electric cur-
rent correlators, which we demonstrate in detail in Ap-
pendix A.
B. Entanglement witness with a reduced number
of correlators
To measure the expectation value of the EW in
Eq. (19) is a formidable experimental challenge, since it
requires three orthogonal magnetization directions acces-
sible in the same device. For this reason we now make use
of a reduced EW that contains only two correlators,24–26
e.g.
Vxy = 1
2
(I + σˆx ⊗ σˆx + σˆy ⊗ σˆy). (24)
(In Appendix B we give a simple argument showing that
〈Vxy〉 ≥ 0 for all separable states, whereas for a maxi-
mally entangled state we have 〈Vxy〉 < 0.) In contrast to
W, Vxy allows us to detect entanglement by measuring
spins only along two orthogonal axes, for example in the
substrate plane of a device.
Again, we calculate the minimum requirement for the
spin polarization in the leads to detect entanglement us-
ing Vxy. The expectation value for the noisy input state
in Eq. (20) is
〈Vxy〉 = Tr(VxyρWAB(η2)) =
1
2
(1− 2η2), (25)
which is negative for the spin polarization
η >
1√
2
≈ 0.71. (26)
For isotropic systems this condition also holds for mea-
surement along the other axes with the EWs
Vxz = 1
2
(I + σˆx ⊗ σˆx + σˆz ⊗ σˆz) , (27)
Vyz = 1
2
(I + σˆy ⊗ σˆy + σˆz ⊗ σˆz) . (28)
As we can see, the reduction of the number of measured
correlators necessitates the use of more efficient detec-
tors, i.e. materials with larger spin polarization.
5VI. VIOLATION OF BELL’S INEQUALITIES
In this section we derive the minimum detection effi-
ciency for test the Bell’s inequality in the form of CHSH
inequality when using ferromagnetic detectors for elec-
tron spins27 to compare with the minimum efficiencies
for the EWs derived above.
First, we review the CHSH version of Bell’s
inequality.19 Let us assume that there is a local hid-
den variable description of the system with a set of vari-
ables that completely determine the outcomes of all mea-
surements performed by two spatially separated parties.
Each party measures one of the two possible dichotomic
observables α1, α2, β1 and β2 that can take on the values
±1, e.g. the spin projection along a given axis. Since any
measurement outcome is determined by the local hidden
variables, either α1 + α2 = 0 and α1 − α2 = ±2, or
α1 +α2 = ±2 and α1−α2 = 0 hold, so that for each run
of the experiment one obtains
(α1 + α2)β1 + (α1 − α2)β2 = ±2. (29)
Hence, on average
|〈α1β1〉+ 〈α2β1〉+ 〈α1β2〉 − 〈α2β2〉| ≤ 2, (30)
which is CHSH inequality. However, in a quantum me-
chanical description the maximum of this expression is
2
√
2 so that the bound on local hidden variable theories
can be violated.
Consider now an operator associated with the CHSH
inequality of the form
BCHSH = ~a · ~ˆσ ⊗ (~b+ ~d) · ~ˆσ + ~c · ~ˆσ ⊗ (~b− ~d) · ~ˆσ, (31)
where ~a, ~b, ~c and ~d are arbitrary unit vectors. The cor-
responding CHSH inequality is violated if for a given
state we have 〈BCHSH〉 > 2. The maximum violation
〈BCHSH〉 = 2
√
2 occurs for a singlet state and the mea-
surement directions
~a = (1, 0, 0), ~b =
1√
2
(1, 0, 1),
~c = (0, 0, 1), ~d =
1√
2
(1, 0,−1).
(32)
More generally, a two-qubit state ρAB violates the
CHSH inequality if28√
λ1 + λ2 > 1, (33)
where λ1 ≥ λ2 ≥ λ3 are the ordered eigenvalues of RTR
with Rij = Tr[(σˆi ⊗ σˆj)ρAB ].
By choosing O = BCHSH in Eq. (10) the measurement
of the maximally entangled state with non-ideal detectors
can be expressed by the measurement of the Werner state
in Eq. (20) with an ideal measurement apparatus. A
straightforward calculation shows that for this state all
eigenvalues of RTR are λi = η
4. By inserting these values
into Eq. (33) one finds that a violation of the CHSH
inequality is obtained for spin polarizations or detector
efficiencies
η >
1
4
√
2
≈ 0.84 , (34)
in accordance with Ref. [27]. This minimal polarization
is significantly larger than that for the EWs suggested in
Eqs. (22) and (26). In other words, the requirements for
testing Bell’s inequalities with ferromagnetic detectors
are much stronger than for detecting entanglement with
the EWs.
VII. QUANTUM CRYPTOGRAPHY WITH
NON-IDEAL DETECTORS
One of the most profoundly explored quantum infor-
mation tasks is quantum cryptography (QC),29 i.e. a
protocol that converts correlations obtained from pairs
of entangled qubits into secret bits shared by two parties.
The single qubit measurements necessary in such proto-
cols can introduce errors, especially when performed with
ferromagnetic detectors.
As an example we determine the minimum required de-
tector efficiency for SIngle-copy Measurement and ClAs-
sical Processing (SIMCAP) protocols. Such protocols are
of special interest when using ferromagnetic detectors as
they do not comprise coherent quantum operations, and
thus may be experimentally accessible with present day
technology.
The basics of SIMCAP key distillation protocols can
be described as follows.30 Suppose that two parties share
M copies of a known state ρAB . In the first step of
the protocol, each party performs a filtering process,31
so that if it succeeds the resulting state is diagonal in the
Bell basis47
ρAB →
λ1|Ψ−〉〈Ψ−|AB + λ2|Ψ+〉〈Ψ+|AB + (35)
+λ3|Φ−〉〈Φ−|AB + λ4|Φ+〉〈Φ+|AB ,
with λi ≥ 0 and
∑
i λi = 1. In the next step each party
performs a local unitary ordering transformation with the
result that
λ1 = maxλi, (36)
λ2 = minλi. (37)
After this, a measurement in the basis {| ↑〉, | ↓〉} is per-
formed on each qubit and, depending on the outcomes,
each party assigns a 0 or 1 to each measurement. The two
parties then share a list of partially correlated bits, which
in turn should be processed in a procedure of advan-
tage distillation32 and one-way key extraction,33 which
are performed with the use of possibly insecure but au-
thenticated public classical communication channels. All
6these processes are classical procedures that do not re-
quire any quantum operations.
With such a protocol it is possible to generate a cryp-
tographic key that is secure against any eavesdropping,
provided that30
λ21 + λ
2
2 >
1
2
(λ1 + λ2). (38)
To obtain the minimum detector efficiency in such a pro-
tocol, we assume that we perform the cryptographic pro-
tocol given some large number of copies of the state
|Ψ−〉〈Ψ−| and using non-ideal ferromagnetic detectors
(η < 1). The problem can again be viewed as using
ideal detectors, but performing measurements on a state
given in Eq. (20). For this we find
λ1 =
1
4
(3η2 + 1) ,
λ2 =
1
4
(1− η2) ,
(39)
which, when inserted into the condition Eq. (38), yields
the minimal detector efficiency for a SIMCAP protocol
η >
1
4
√
5
≈ 0.67 . (40)
This requirement is stronger than for the detection of en-
tanglement, but weaker than for testing Bell’s inequality.
VIII. NON-IDEAL ENTANGLEMENT SOURCES
In the above analysis of entanglement detection using
EWs or Bell operators, we studied pure Bell states in
Eq. (2) as input states. Although high-efficiency sources
of entangled spins might be possible,8 one should inves-
tigate the impact of a non-ideal entanglement source. To
simulate this, we assume that a maximally mixed compo-
nent (white noise) is added to the maximally entangled
Bell state, which yields a Werner state as in Eq. (3) with
the visibility parameter λ. Taking into account the non-
ideal detectors in the picture of a quantum depolarizing
channel with ideal detectors, one finds directly
EA ⊗ EB(ρWAB(λ)) = λη2|Ψ−〉〈Ψ−|AB + (1− λη2)
I
4
≡ ρWAB(λη2), (41)
i.e. a Werner state with the visibility parameter λη2. The
analysis is then the same as for the state in Eq. (20), so
that we find the expectation values for the EWs as
〈W〉 ≡ Tr(WρWAB(λη2)) =
1
2
(1− 3λη2), (42)
〈Vxy〉 ≡ Tr(VxyρWAB(λη2)) =
1
2
(1− 2λη2), (43)
and 〈Vxy〉 = 〈Vxz〉 = 〈Vyz〉. Similarly, the condition for
the violation of CHSH inequality reads
2λ2η4 > 1. (44)
CHSH
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FIG. 3: Map of possible entanglement detection for
different source visibility λ and spin polarization η for
the EWs described in the text. 〈W〉 < 0 (above dotted
line) with three correlators, and 〈Vxy〉 < 0 (above
dashed line) with two correlators allow entanglement
detection, as well as the region for which the CHSH
inequality is violated (above solid line).
In Fig. 3 the boundaries for entanglement detection
are plotted for the different EWs as a function of the
detector efficiency or spin polarization η and the visibility
parameter λ of the Werner state of the emitted electron
pair of the entanglement source. It is easy to understand
that for larger noise levels (smaller visibility and reduced
entanglement) better detectors are required to perform
the entanglement detection.
IX. SPIN RELAXATION AND DEPHASING
The effects of relaxation and dephasing of the elec-
tron spins in real transport channels are not described
by Werner states, but cannot be neglected in our inves-
tigation. In the following we adopt a phenomenologi-
cal model for spin decoherence34 used recently to obtain
limits for the relaxation and the dephasing times in en-
tanglement detection with CHSH inequality.35 Here we
use this model to find the conditions for detecting en-
tanglement using the presented EWs and for finding the
optimal angles in BCHSH also for noisy states of the form
in Eq. (3), all using non-ideal detectors.
Spin decoherence can be described by the channel Λ
7that acts on each particle’s state as:
| ↑〉〈↑ | Λ−→ 1 + ω1
2
| ↑〉〈↑ |+ 1− ω1
2
| ↓〉〈↓ |,
| ↓〉〈↓ | Λ−→ 1 + ω1
2
| ↓〉〈↓ |+ 1− ω1
2
| ↑〉〈↑ |,
| ↑〉〈↓ | Λ−→ ω2| ↑〉〈↓ |,
| ↓〉〈↑ | Λ−→ ω2| ↓〉〈↑ |,
(45)
where ω1 = exp(−tL/T1), ω2 = exp(−tL/T2), and T1 and
T2 are the spin relaxation and the spin dephasing times,
respectively. tL = L/vF is the ballistic transmission time
though the transport channel, with L the length of the
channel and vF the Fermi velocity. We note that in this
model the dephasing time includes pure dephasing as well
as dephasing due to relaxation process, which in general
are related by
1
T2
=
1
2T1
+
1
T ∗2
, (46)
where T ∗2 is the time-scale for pure dephasing. In partic-
ular, for pure relaxation we have T2 = 2T1.
Assuming that decoherence and relaxation are inde-
pendent in each channel, the pure singlet state evolves
into
ρdecohAB = ΛA ⊗ ΛB(|Ψ−〉〈Ψ−|AB) , (47)
which is not a Werner state, but still diagonal in the Bell
basis.
The expectation values of the EWs can then be found
as
〈W〉 ≡ Tr(WρdecohAB ) =
1
2
(1− ω21 − 2ω22), (48)
〈Vxy〉 ≡ Tr(VxyρdecohAB ) =
1
2
− ω22 , (49)
〈Vxz〉 ≡ Tr(VxzρdecohAB ) =
1
2
(1− ω21 − ω22), (50)
〈Vyz〉 ≡ Tr(VyzρdecohAB ) =
1
2
(1− ω21 − ω22). (51)
The ranges of tL/T1 and tL/T2 for which these mean
values are negative are presented in Fig. 4.
It should be stressed that, although the mean values of
different EWs calculated for the singlet state |Ψ−〉〈Ψ−|
were equal, the decoherence described by Eq. (45) breaks
the rotational symmetry of |Ψ−〉〈Ψ−|, which results in
different expectation values of Vij measured with corre-
lators in different planes.
The condition for the violation of the CHSH inequality
reads
max{2ω42 , ω41 + ω42} > 1, (52)
which suggests a much broader parameter range to de-
tect entanglement by means of violation of the CHSH
inequality than found in earlier studies.35 Here we use
W 
Vxy
Vxz
Vyz
CHSH
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0.0
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FIG. 4: The region of the transmission time tL relative
to the spin relaxation time, tL/T1 and and spin
dephasing time, tL/T2, for which the entanglement
witnesses 〈W〉 < 0 (below dotted line), 〈Vxz〉, 〈Vyz〉 < 0
(below dashed line), 〈Vxy〉 < 0 (below dash-dotted line)
and the region for the parameters required for violation
of the CHSH inequality (below solid line). Only the
singlet state has been considered.
a different method28 to obtain the optimal set of angles
that results in the maximum values of 〈BCHSH〉 for the
decohering state in Eq. (47). For T1 < T2 one finds
~a = (1, 0, 0),
~b =
1√
2
(−1,−1, 0),
~c = (0, 1, 0),
~d =
1√
2
(−1, 1, 0),
(53)
while for T1 > T2:
~a = (0, 0, 1),
~b = (− sin θ, 0,− cos θ),
~c = (1, 0, 0),
~d = (sin θ, 0,− cos θ),
(54)
where sin θ = 1/
√
1 + exp(−4∆), cos θ =
1/
√
1 + exp(4∆) and ∆ = tL(
1
T1
− 1T2 ). In Fig. 4
we plot the boundaries for the violation of the CHSH
inequality as a function of the parameters tL/T1 and
tL/T2. The kink in this curve is due to the change of the
optimal detector angles between Eq. (53) and Eq. (54).
The analysis can be further generalized to Werner
states given by Eq. (20) as a result of white noise and non-
ideal detectors. Again, in the spirit of Fig. 1, this case
8can be viewed from two perspectives: an incoming initial
state ρWAB(λ) propagates through the transport channels
and is affected by relaxation and decoherence (ΛA⊗ΛB),
and the resulting state is measured with non-ideal ferro-
magnetic detectors. In turn, one can also perceive the
problem as a spin measurement with ideal detectors on
a state
EA ⊗ EB
(
ΛA ⊗ ΛB(ρWAB(λ))
)
=
= ΛA ⊗ ΛB
(EA ⊗ EB(ρWAB(λ)))
= ΛA ⊗ ΛB(ρWAB(λη2))
≡ ρdecohAB (λη2), (55)
where the first equality can be found by direct calcula-
tion. From this expression we can calculate the expecta-
tion values of the different EWs:
〈W〉 = 1
2
[1− λη2(ω21 + 2ω22)], (56)
〈Vxy〉 = 1
2
− λη2ω22 , (57)
〈Vxz〉 = 〈Vyz〉 = 1
2
[1− λη2(ω21 + ω22)]. (58)
Entanglement is detected whenever these values are neg-
ative. Again we note that the xy plain becomes discrim-
inated due to the specific character of the decoherence
process. Namely, we see that due to the absence of the
correlator σˆz ⊗ σˆz in the witness Vxy, the effect of re-
laxation can be measured only with respect to dephas-
ing. The condition for the violation the CHSH inequality
reads
max{2λ2η4ω42 , λ2η4(ω41 + ω42)} > 1, (59)
when using the optimal set of angles given in Eq. (53)
and Eq. (54).
Eqs. (56) - (58) and the CHSH inequality in Eq. (59)
show that in the presence of spin relaxation and dephas-
ing, ferromagnetic detectors with a larger efficiency, i.e.
with a higher spin polarization, are required to demon-
strate spin entanglement.
X. SUMMARY AND DISCUSSION
We have used several entanglement witnesses (EWs)
for detection of the electrons spin states entanglement
and discussed the impact of non-ideal ferromagnetic de-
tectors, white noise, spin relaxation and decoherence. In
addition, we compare these results to tests of Bell’s in-
equality and calculate detector efficiency requirement for
a quantum cryptography protocol. We can order these
different experiments by increasing requirements for the
detector efficiencies or spin polarization and propose a
”road map” for proving spin entanglement or a violation
of Bell inequality with electron spins:
(i) A spin correlation measurement with colinear mag-
netizations of the detector leads can show
〈σˆz ⊗ σˆz〉 < 0 , (60)
which is possible for any η > 0. This experiment would
prove that two electrons from a source contact have op-
posite spins.
(ii) Assuming that the system under consideration is
rotationally invariant, which is true for all Werner states,
we have that 〈σˆz ⊗ σˆz〉 = 〈σˆx ⊗ σˆx〉 = 〈σˆy ⊗ σˆy〉. Then if
a single collinear spin correlator fulfills the inequality
〈σˆz ⊗ σˆz〉 < −1/3 , (61)
which is technically less demanding than three orthogo-
nal correlators measurements, one could argue that from
Eq. (61) we have W < 0 which requires the spin po-
larization η > 1/
√
3 ≈ 0.58. Note, however, that the
original assumption is crucial here: if the state under
consideration is e.g. a product state | ↑z〉A⊗| ↓z〉B , then
〈σˆz ⊗ σˆz〉 = −1, whereas 〈σˆx ⊗ σˆx〉 = 〈σˆy ⊗ σˆy〉 = 0, and
in this case we would not be able to distinguish between
the product state and the maximally entangled singlet
state.
(iii) Experimentally more demanding is to measure
EWs with two collinear in-plane spin correlators such as
Vxy < 0, which requires η > 1/
√
2 ≈ 0.71.
(iv) More difficult is to test the conditionW < 0 with-
out the assumption of rotational invariance. It requires
the measurements of three collinear correlators in the x,
y, and z directions. The condition for the spin polar-
ization η > 0.58 is less restrictive than for the previous
case, but the engineering of the magnetization directions
might be less trivial.
(v) In order to perform a quantum cryptographic SIM-
CAP protocol using pure singlet states, the spin polar-
ization of spin detectors have to be η > 0.67.
(vi) We find that the most difficult task to perform is
the violation of Bell’s inequalities. It would require in-
plane measurements of four noncollinear spin correlators
and the largest detector efficiencies, η > 0.84.
Note, however, that all the above threshold values ap-
ply to measurements on the pure singlet states, whereas
for noisy states they are respectively more stringent.
Nanometer scale contacts with spin polarizations
larger than 58% are difficult to fabricate. Ferromag-
netic materials used to contact nanostructures,36,37 like
the elements Ni, Co and Fe, or simple alloys, are lim-
ited to polarizations in the range of 30 − 50%.38–40 In
principle, spin polarization of close to 100% could be ob-
tained in half-metals, for which several candidates are
currently investigated extensively. Up to 90% polariza-
tion was reported for CrO2
40,41 which, however, is meta-
stable in air and decomposes into other oxides. A series
of ternary and quaternary Heusler alloys exhibit polariza-
tions up to 74%.42 The fabrication of a nanoelectronic de-
vice with La0.7Sr0.3MnO3 (LSMO) contacts was already
demonstrated, possibly with a polarization on the order
of 80%43. Another possible route to spin injection and
detection is the use of ferromagnetic insulators as tunnel
barriers.44 Though the device fabrication with all these
compounds is rather involved and requires a very high
9degree of material and interface control, the reported po-
larizations demonstrate the feasibility of detecting entan-
glement with ferromagnetic detectors.
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Appendix A
To determine the expectation value of the entangle-
ment witnesses one has to measure the spin correlation
〈nˆA · σˆ ⊗ nˆB · σˆ〉. It can be expressed in terms of the
correlators 〈NnˆAα(τ)NnˆBβ(τ)〉 of electrons number with
spin α (β) detected at a time τ in the detector A (B) that
correspond to a coincidence counting in the limit when a
single particle per detector arrives at a time τ . The spin
correlation is given by
〈nˆA · σˆ ⊗ nˆB · σˆ〉 = (A1)
=
〈[NnˆA↑(τ)−NnˆA↓(τ)][NnˆB↑(τ)−NnˆB↓(τ)]〉
〈[NnˆA↑(τ) +NnˆA↓(τ)][NnˆB↑(τ) +NnˆB↓(τ)]〉
.
For simplicity we consider the tunneling regime when the
current pulses width is smaller than their spacing. As it
was demonstrated in Ref.45,46, even though it is tech-
nically difficult to detect individual current pulses, it is
possible to determine the correlators 〈NnˆAα(τ)NnˆBβ(τ)〉
by measurement of low frequency current correlations
(noise). The correlators can be obtained by integrating
the current correlator over time,
〈NnˆAα(τ)NnˆBβ(τ)〉 =
∫ τ
0
dt
∫ τ
0
dt′〈InˆAα(t)InˆBβ(t′)〉 ,
(A2)
since the number of electrons detected over time τ in the
detector A is given by 〈NnˆAα(τ)〉 =
∫ τ
0
dt〈InˆAα(t)〉. The
current correlator in Eq. (A2) can be expressed in terms
of the zero-frequency current correlator (noise) defined
as
SnˆAα,nˆBβ(0) ≡
∫
dt〈δInˆAα(t)δInˆBβ(t′)〉 , (A3)
where δInˆAα(t) = InˆAα(t)− 〈InˆAα(t)〉. In the limit when
τ is larger than the current pulses width the correlator
form Eq. (A2) is given by
〈NnˆAα(τ)NnˆBβ(τ)〉 = τ2〈InˆAα〉〈InˆBβ〉+ τSnˆAα,nˆBβ(0) ,
(A4)
whereas for a short time τ in comparison with the current
pulses spacing one may neglect the first term. The spin
correlator is then given in terms of the low-frequency
current correlators (noise),
〈nˆA · σˆ ⊗ nˆB · σˆ〉 = γ(τ, eV )SnˆA↑,nˆB↑(0) + SnˆA↓,nˆB↓(0)− SnˆA↑,nˆB↓(0)− SnˆA↓,nˆB↑(0)
SnˆA↑,nˆB↑(0) + SnˆA↓,nˆB↓(0) + SnˆA↑,nˆB↓(0) + SnˆA↓,nˆB↑(0)
. (A5)
Appendix B
To show that the expectation value of 〈W〉 =
Tr(WρsepAB) is nonnegative for separable states ρsepAB
ρsepAB =
∑
i
qi|ψi〉〈ψi|A ⊗ |φi〉〈φi|B , (B1)
(
∑
i qi = 1, qi ≥ 0), by linearity of the trace it suffices to
check whether for all product states |ψi〉〈ψi|A⊗|φi〉〈φi|B
we have
Tr(W|ψi〉〈ψi|A ⊗ |φi〉〈φi|B) ≥ 0. (B2)
If we set:
|ψ〉 = sinα| ↑〉+ eiθ cosα| ↓〉,
|φ〉 = sinβ| ↑〉+ eiφ cosβ| ↓〉, (B3)
we obtain:
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Tr
(
1
2
(I + σˆx ⊗ σˆx + σˆy ⊗ σˆy + σˆy ⊗ σˆy)|ψ〉〈ψ|A ⊗ |φ〉〈φ|B
)
=
=
1
2
(1 + 〈ψ|σˆx|ψ〉〈φ|σˆx|φ〉+ 〈ψ|σˆy|ψ〉〈φ|σˆy|φ〉+ 〈ψ|σˆz|ψ〉〈φ|σˆz|φ〉)
= sin2 α sin2 β + cos2 α cos2 β +
1
2
cos(θ − φ) sin 2α sin 2β
≥ 0, (B4)
which proves (B2).
The same argument applies for the expectation value
of 〈Vxy〉 = Tr(VxyρsepAB). Again, for (B3) we have:
Tr
(
1
2
(I + σˆx ⊗ σˆx + σˆy ⊗ σˆy)|ψ〉〈ψ|A ⊗ |φ〉〈φ|B
)
=
=
1
2
(1 + 〈ψ|σˆx|ψ〉〈φ|σˆx|φ〉+ 〈ψ|σˆy|ψ〉〈φ|σˆy|φ〉)
=
1
2
(1 + cos(θ − φ) sin 2α sin 2β)
≥ 0. (B5)
The argument for Vxz and Vyz follows similar lines and
we obtain:
Tr(Vxz|ψ〉〈ψ|A ⊗ |φ〉〈φ|B) =
=
1
2
(1 + cos 2α cos 2β + cos θ cosφ sin 2α sin 2β)
≥ 0, (B6)
Tr(Vyz|ψ〉〈ψ|A ⊗ |φ〉〈φ|B) =
=
1
2
(1 + cos 2α cos 2β + sin θ sinφ sin 2α sin 2β)
≥ 0, (B7)
which proves that Vxy, Vxz and Vyz are EWs.
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